For any group G, π e (G) denotes the set of orders of its elements. If Ω is a subset of positive integers, h(Ω) stands for the number of distinct isomorphism classes of finite groups G such that π e (G) = Ω. Let Ω = π e (PGL(2, p) ), where p is a prime number and 5 ≤ p < 100. In this paper, we prove that h(Ω) ∈ {1, ∞}.
Introduction
For any group G, we denote by π e (G) the set of orders of elements in G. This set is closed and partially ordered by the divisibility relation, hence, it is uniquely determined by μ(G), a subset of its elements that is maximal under the divisibility relation. If Ω is a subset of positive integers, h(Ω) stands for the number of distinct isomorphism classes of finite groups G such that π e (G) = Ω. It is clear that h(π e (G)) ≥ 1 for any group G. A group G is called kdistinguishable if h(π e (G)) = k < ∞; otherwise G is called non-distinguishable. Also a 1-distinguishable group is called a characterizable group.
In [7] , V. D. Mazurov proved the following result: Let G = PGL(r, p s ). If p, r are odd primes, p − 1 is divisible by r but not by r 2 , and s is a natural number not divisible by r, then h(π e (G)) = ∞.
In [5] and [10] , W. J. Shi proved the following result: If Ω = π e (PGL (2, p) ), where p is a prime number and 5 ≤ p ≤ 19 then h(Ω) ∈ {1, ∞}.
In the present article, we prove the following:
Main Theorem Let p be a prime number and 5 ≤ p < 100. Further, assume that Ω = π e (PGL (2, p) ). Then h(Ω) ∈ {1, ∞}.
Throughout this paper, all groups considered are finite and simple groups are non-Abelian. Given a group G, denote by π(G) the set of all prime divisors of the order of G. All further unexplained notations are standard and can be found for instance in [1] and [3] .
Preliminary Results
Our arguments depend on the prime graph components of simple groups (see [4] and [12] ). The prime graph Γ(G) of a group G is a graph whose vertices are prime divisors of the order of G and two distinct primes p, q are adjacent, if G contains an element of order pq. Denote the connected components of the prime graph of G by [12] , Theorem A). Remark. In fact, when G is neither Frobenius nor 2-Frobenius, by Lemma 2.1, G has a normal series 1 Proof. Since G is non-solvable, G cannot be 2-Frobenius. If G is a Frobenius group with kernel K and complement H then H is non-solvable. Now by the structure of non-solvable Frobenius complements ( [9] , Theorem 18.6), we know that H has a normal subgroup H 0 of index ≤ 2 such that H 0 ∼ = SL(2, 5) × Z, where every Sylow subgroup of Z is cyclic and π(Z) ∩ {2, 3, 5} = Ø. Since π e (SL(2, 5)) = {1, 2, 3, 4, 5, 6, 10}, the number of prime graph components of H is 1 and the corresponding number for G must be 2. In fact
Lemma 2.1 If G is a group such that t(G)
c ∈ π e (G)\π e (SL(2, 5)) it follows that n ∈ π e (H), and so there exists 1 = x ∈ H such that o(x) = n. As n / ∈ π e (SL(2, 5)), it follows that x / ∈ H 0 and hence |H : H 0 | = 2. This implies x 2 ∈ H 0 and o(x 2 ) = n/(2, n) ∈ π e (SL(2, 5)). Therefore, (2, n) = 2 and n/2 ∈ π e (SL (2, 5) ). Now we obtain n ∈ {8, 12, 20}, which contradicts the assumption. The lemma is proved. P Lemma 2.4 Let G be a finite non-solvable group and π e (G) = π e (PGL (2, p) ), where p ≥ 23 is a prime number. Then G is neither Frobenius nor 2-Frobenius.
Proof. We know μ(PGL(2, p)) = {p −1, p, p+1}.
Clearly G is not 2-Frobenius, since G in non-solvable. Assume G is a Frobenius group with kernel K and complement H, then as before H has a normal subgroup H 0 of index ≤ 2 and H 0 ∼ = SL(2, 5)×Z, where every Sylow subgroup of Z is cyclic and π(Z)∩π(30) = Ø. Moreover, we have
In particular {2, 3, 5} ⊂ π(G). From Lemma 2.3, we get 15 ∈ π e (G), and so 5|p+1 and 3|p−1 or 5|p−1 and 3|p+1, by the structure consideration of π e (G). Therefore, Z = 1, which forces π(H) = {2, 3, 5}, whence π e (G) = {2, 3, 5, p}.
On the other hand, by Lemma 2.3 and the structure of π e (G), we must have π(PSL(2, p) ) then:
Proof. Considering the fact that {p} ⊂ π(G) ⊆ π(p!)
and by referring to [2] and [8] , for p = 37 we have the simple groups contained in Table I . When p = 37, the proof is similar as in ([2], Lemma 2.6). The rest of proof, when (2, p) ), follows by checking the prime factors of |G|. P
We also need the following result of V. D. Mazurov ([6] , Lemma 1).
Lemma 2.6 Let N be a normal subgroup of H. Assume that H/N is a Frobenius group with kernel A and cyclic complement B. If (|A|, |N |) = 1 and
, where p is a prime factor of |N |.
Proof of the Main Theorem
Proof of the Main Theorem. It is well known that
When n = 1, we have Aut(PSL(2, p)) = PGL(2, p), and hence
Let G be a group such that π e (G) = π e (PGL(2, p)) = {p, all factors of p − 1 and p + 1}. Then the connected components of the prime graph of G are:
When p < 23, it has been proved that h(π e (G)) ∈ {1, ∞} (see [8] and [9] 
thus we may assume that G/N ≤ Aut(G 1 ). 
A 2 (31). 37 A n , n = 37, 38, 39, 40; 2 and G 1 ∼ = PSL (3, 5) , then 24 ∈ π e (G 1 ) = π e (PSL (5, 3) ) but 24 ∈ π e (G) = π e (PGL(2, 31)), and this is a contradiction. Therefore G 1 ∼ = PSL(2, p).
Let P/N be a Sylow p-subgroup of G 1 and X/N be the normalizer in G 1 of P/N. Then X/N is a Frobenius group of order p(p − 1)/2, with cyclic complement of order (p − 1)/2. Now, by lemma 2.6, we deduce that N is a 2-group. First, suppose that N = 1. Then G 1 = PSL(2, p). Moreover we may assume that G 1 ≤ G ≤ Aut(G 1 ). Since |Out (PSL(2, p) )| = 2, it follows that G ∼ = PSL (2, p) or G ∼ = Aut (PSL(2, p) ) ∼ = PGL(2, p). But since p + 1 ∈ π e (PGL (2, p) )\π e (PSL(2, p) ), we have G ∼ = PGL(2, p). Next, suppose that N = 1. Without loss of generality, we may assume that N is an elementary Abelian 2-subgroup of G, by considering G/M, where M is the preimage of Φ(N/O 2 (G)) in G. Now from Lemma 2.2, we see that h(π e (G)) = ∞. Therefore, the proof of Main Theorem is complete. P
